In a previous paper 3 we gave a necessary condition that a polynomial without multiple roots must satisfy in order that its reciprocal be the Fourier transform of a distribution function. Imposing a further restriction on the polynomials it is easy to derive the following condition:
The reciprocal of a polynomial whose roots are all single and have the same imaginary part is the Fourier transform of a distribution function if and only if
(1) The polynomial has one purely imaginary root ai (a T^O) and n pairs of complex roots ± b k +ai (0<6 1 <6 2 < . . . <b n , *r = l, -2, . . ., n).
(2 This condition follows easily from formula (4.4) of the reference cited in footnote 3. It is therefore of some interest to study this determinant and to investigate for what values of b l7 b 2 , . . ., b n it is a nonnegative function of 0. In this paper we consider this determinant only for integer values of the b t and show that it represents for certain configurations of the b t a nonnegative trigonometric polynomial. Certain relations for generalized Vandermonde determinants of odd integers are also obtained.
We introduce first some notations. Let 0<&i<6 2 <C • • • <C&n be n integers and 
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For the discussion of g(d) we need the following lemmas: Lemma 1. If b u b 2 , . . ., b n are integers, the determinant (2) can be factored so that
where A(x) is a polynomial in x of degree b n -n. Lemma 2. If 61, b 2 , . . ., b n are odd integers we have
where B(x) is a polynomial in x of degree b n -2n+l.
To prove lemma 1 we differentiate (2) with respect to 0 and then set 0-0. This shows that
for k=n, (n+1),.. . ad inf.
K5)
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From (5) we obtain the expansion oig(0) into a series
On the other hand, (2) indicates that g(0) is a cosine polynomial of degree b n which vanishes for 0=0. Therefore it has the form
Comparing (6) and (7) it is seen that /3i= (t 2 = . . . = i8 n _i=0 so that (1 -cos 6) n is a factor of g (0); this establishes lemma 1.
To prove lemma 2 we assume that all the b t (i=l, 2, . . . , n) are odd numbers. It follows then from (2) that
Substituting this into (9) we obtain
This shows that ??^l(cos 0) -(1 -cos 0)^1'(cos 0) and therefore also #'(0) has the factor (1 + cos 0) w-1 . This completes the proof of lemma 2.
If we introduce as a new variable z=cos 0 (10) and write
we have from lemma 1
and similarly from lemma 2
We substitute next the expansion (6) into (8) and see that
Differentiating (14) and setting 0-0 we obtain from this equation a number of relations for generalized Vandermonde determinants formed of odd integers 
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In the following we discuss several configurations of the integers b u b 2 , . . ., b n , which lead to nonnegative trigonometric polynomials g(0), the results are given in statements, labelled (A) (B) . . . 
A(x)=a+bx.
( 16) The substitution (10) transforms cos kd into T k {x) where T k (x) is the k-ih Tchebicheff polynomial of the first kind. Formulae (2), (3) and (16) show that
The coefficients a and b of A{x) can be determined from (17), after some elementary computations it is seen that
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In the interval |#|<0 the functions A(x) and P(x) = (1 -x) n A(x) have the same sign so that it is sufficient to determine when A{x) is nonnegative in |x|<[l.
From (18) fc<£(l + VT+2^),
where z n is the root of the equation
which falls into the interval (0, 1).
If neither (i) nor (ii) is satisfied, then the function g(6) assumes also negative values. Moreover it is possible to simplify (ii) for large n by proving the Corollary to statement (Z>).
If for large n and
then there are integers n and k for which g(6) assumes positive and negative values.
To prove statement (D) we need the following lemma Lemma 3. Let and
The polynomial Q(x, f) is nonnegative in the interval -1 <x < 1 if and only if f<s».
Here z n is the root of the equation
In+-z n . Moreover let w n =-Wr Then lim w n = p exists and is the root of the equation
which is located in the interval ( 0,J")'
Some values of z n as well as p were computed. The proof of this lemma is rather lengthy. In order to avoid interrupting the discussion of the various nonnegative trigonometric polynomials, this proof will be given in the last section of this paper.
We proceed now to the proof of statement (D). According to lemma 2 B(x) is a polynomial of the second degree. Since the b t are all odd numbers P'(x) and B(x) are even functions of x so that one obtains from (13) and (2)
This relation permits us to determine a and c, and it is seen that
If we use for brevity the notation
we have
(27)
If (i) is satisfied we see that £l tk <0, so that from (27) P'(x)<0 for |z|<l. In this case P(x) is nonincreasing in the interval -1 <x< +1, since P(1) = 0 this means P(x)>0 for \x\<l so that also g(6)>0.
We assume next that (ii) is satisfied, then fn, fc >0. Since 7>0 and P(x) = yQ(x, {"»,*), we see that statement (D) follows immediately from lemma 3.
(E) If the numbers b Xl ... , b n are obtained from the first consecutive (n+2) integers by omitting the two integers k and p where l<k<p-1<TI, then g(6) is nonnegative if and only if a certain polynomial Q(x) of the second degree is nonnegative for |x|<l. Here
where
Proof: In this case b n =n+2, so that according to lemma 1 A(x) is a polynomial of the second degree, A(x)=ax 2 +bx+c. From (12), (2) and(3) we have
From this relation we can determine the coefficients a, b, and c. A somewhat tedious elementary computation shows that
A(x) = (ax 2 +bx+c) = 2 n~1 A n Q(x).
This completes the proof of statement (E) which follows immediately from (30). Certain particular cases can be discussed easily (a) Iik=p-l=nihenN(n,n J n+l) = L(n,n y n+l) = 0 so that Q(x)=4:x 2 +4nx+2n 2 +n-2.
The discriminant of Q(x) is then -16(n -l)(n+2)
and is negative for n^>l. Therefore, Q(x)>0 for all x so that g(0) must be nonnegative.
(b) If fc<n while #=(n+l) theni(n, k, n+l) = 0 and N(n k n+l)=-(w+2)(2n+1)(n2 -P) -
Q(x) and its discriminant can be computed easily and it can be shown that g(d) is nonnegative if and only if (n-l)(n+2) 2n
(c) If k=n -1 and p=n then N(n,n -l,n) = 0and
i(n l n-l > n) = g^p r) .
The discriminant of Q(x) is then 16 9(n+l)'
(-2n 4 -5/i 3 +77i 2 +27n+18), which is negative if n >3 so that in this case g(6) >0. If 7i=2, Q(x) has two roots in the interval -1<£< + 1 so that g(ff) assumes also negative values We proceed to discuss a more complicated case by assuming that the b\, b 2y . . . , b n are obtained from the first (n+2) odd integers by omitting two odd integers (2k -1) and (2p -1) where \<k<p-\<n (31) so that b n =2n-\-3.
We see then from lemma 2 that B (x) is a polynomial of degree four. By the procedure employed in case (C) it is possible to determine the coefficients of this polynomial.
We obtain
7 = 2 2 "(2n + 3)A">0,
2{-2(n+iy(3n+5) + (n+l)(2n+5)[k(k-l)+p{p-l)]-4k(k-l)p(p-l)} [(n+2)(n+l)-k(k-l)][(n+2)(n+l)-p(p-l)] {-(n+l)(3n+4) + 2(n+l)[k(k-l)+p(p-l)]-4k(k-l)p(p-l)} [(n+2)(n+l)-k(k-l)][(n+2Xn+l)-p(p-l)] (33)
The trigonometric polynomial g (6) Here
so that R x {z)=R{z) as given by (23).
Proof: If A(r)=4r 2 +ar-6>0 for 0<T<1, then P / (x)=-7.(l-» 2 ) n " 1 A(a?)<0 for -1<Z<1. Since JP(1)=0 we see that P(x)>0
for -I<z< + 1. We next derive the condition for the validity of (37) when a<0. Clearly A / (r)=8r+a, A/'(r) = 8, so that h(r) has a minimum at T=-a/8.
Clearly h(r)=( 2T+J)
We consider first the case |a|/8= -.a./8<l,. we have then
Relation (37) is therefore satisfied if -8<a<0 and a 2 +16&<0. If |a|/8>lweseethaU'(r)<8(T-l)<0 in 0<r<l, so that min h(r)=h(l)=4:+a-6.
0<r<l
The function A(r) is nonnegative if a< -8 and 4+a-6>0. Buta 2 +166=(a+8) 2 -16(4+a-6)for any a, hence if a 2 +166 < Owe always have 4-fa -6>0. The alternatives discussed for case a<0 can therefore be joined so that condition (/3) is established. To complete the discussion we must consider the remaining cases, namely In case (7') we see from (35) that r x <C0 while r 2 >0.
but this occurs if and only if 6>4+a. Thus P(x)<0 for -1<Z<1 if a>0 and 6>4+a, therefore (7') reduces to the case That is if
or, written in a more concise notation so that (7) is established.
We proceed with the discussion of the last case (5')a<C0 and a 2 +166>0 and show first that always a+4>0. From (33) we obtain easily
On account of (31) this fraction has always a posdtive denominator so that its sign is determined by the sign of the numerator which we denote by M (n,k,p) .
then also (n+1) -2p{p -1)<0. ThereforeM(n,k,p) decreases for fixed k and increasing p as well as for fixed p and increasing k. Hence M(n,k,p) attains its minimum value if k and p are as large as possible, that is
if n>l so that also a+4>0. It is therefore no restriction if we write the case (8') in the form ($') 0>a>-4anda 2 +166>0.
We must first consider the case (5i) 0>a>-4 and 6 >a+4.
We have then a 2 +166>0 so that h(r) has two real roots; from (35) we see that TI<0 while r 2 >l. Therefore for -1 <x< 1 so that (5i) does not yield nonnegative trigonometric polynomials. We finally have to investigate the possibility that (S 2 ) 0>a>-4 and-j^<6<4+a holds. Again a 2 +166>0 and A(r) has two real roots ri and r 2 . It follows then from (35) that l>r 2 >r 1 >~l.
Assume first that ri>0. By a simple computation it is seen that P(x) has the two minima+VTi and--ypT 2 inside the interval (-1, + 1).
P{x) is therefore nonnegative for -1<x<l if and only if P(VT~)>0 and P(-V^) >0. According to (34) and (35) this means that
or, using the notation of (36) and simultaneously R 2 (-^T^) -r 2 Ri(-y^O^O.
If TI<0 then there is only one minimum for P(x), and therefore only the first condition remains. This establishes condition (5) and completes the proof of statement (F).
In this section we give proof of lemma 3, which was stated on page 141. We write
and want to determine the conditions which f has to satisfy in order that the polynomial
should be nonnegative for -1<#< + 1. Clearly 0<CP 1 (x)<P 0 (x) for -1 <z< + l. Therefore <?6r,f)<0 for |x|<l if f >1. If for some value fo such that |f 0 |<l the function Q(x,{ 0 )>0 for |x|<l then also Q(x,£)>0 for |x|<l and |f!<|f 0 |.
To obtain a criterion for the nonnegativity of Q(x,£) in \x\<l we have to determine the greatest possible f such that |f|<l and Q(x,£)>0 for |x|<l.
An elementary computation shows that the function Q(x£) has exactly one minimum in the interval -I<:r< + 1 which is located at x=-f.
We consider next the equation R(z) = Q(-z,z)=0 or, written in greater detail, P (l-<2)»-l(^-ga)*=P 1 (-2)-g>P 0 (-g) = 0. (41) Clearly #(0)>0 while JS(1)=P 1 (-1)-P 0 (-1)<0 so that the equation (41) has at least one root in (0,1). Moreover g=-2s£(l-^ so that dR/dz vanishes in the interval 0<2<1 only at the point 2=0, therefore the equation (41) has exactly one root z n in the interval (0,1).
Since min Q(x, z n )=R(z n ) = 0 we see that Q(x, z n ) >0 in |z|<l and therefore Q(x, f)>0 in |B|<1 if f <^w. If however f >2 W then using (45) and (47) we see that w n satisfies the equation 
For each value of n this equation has a root w n , by (43) we see that the set of these roots is bounded.
We consider any accumulation point p of this set and a subsequence {w TO J of the sequence {w n } such that lim w ni =p.
From (48) 
and by transforming the integral we obtain finally for p the equation
F(p) = ^(^-p^-f\p>-x>)e-*dx = 0 (50)
To complete the proof of lemma 3 we have only to show that the sequence {w n } converges. We demonstrate this by showing that {w n \ has only one accumulation point, and this follows if we show that
F(p) = Q has only one root in ( 0,-J-f
We see easily that ^(0)>0 
